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WAVE MAPS AND CONSTANT CURVATURE SURFACES:
SINGULARITIES AND BIFURCATIONS
DAVID BRANDER AND FARID TARI
ABSTRACT. Wave maps (or Lorentzian-harmonic maps) from a 1+1-dimensional Lorentz space
into the 2-sphere are associated to constant negative Gaussian curvature surfaces in Euclidean 3-
space via the Gauss map, which is harmonic with respect to the metric induced by the second
fundamental form. We give a method for constructing germs of analytic Lorentzian-harmonic
maps from their k-jets and use this construction to study the singularities of such maps. We also
show how to construct pseudospherical surfaces with prescribed singularities using loop groups.
We study the singularities of pseudospherical surfaces and obtain their bifurcations in generic
1-parameter families of such surfaces.
1. INTRODUCTION
We study in this paper Lorentzian-harmonic maps into the 2-sphere and their associated pseu-
dospherical surfaces. Let S be a connected surface with a Lorentz structure and with universal
cover S˜. A harmonic map N : S→ S2 determines a geometrically unique map f : S˜→ R3, that,
with the metric induced from R3, has constant Gauss curvature K =−1 at all regular points, and
has Gauss map N. We will use the term pseudospherical surface for such a map f . Conversely,
the Gauss map of a regular constant negative curvature surface is harmonic with respect to the
metric induced by the second fundamental form.
We are concerned here with the local singularities of analytic Lorentzian-harmonic maps into
the 2-sphere and of their associated pseudospherical surfaces. In general, the singularities are
determined by a certain jet of these mappings at the singular point. A natural question arises.
Suppose that a given polynomial map P of degree k from a Lorentz surface into the 2-sphere sat-
isfies the Lorentzian-harmonic condition up to order k: is there a germ of a Lorentzian-harmonic
map into the 2-sphere with k-jet P? We prove that this is the case in Theorem 2.4. This opens
the way to the study, from a singularity theory point of view, of the singularities of harmonic
and Lorentzian-harmonic map-germs into a target space which is not flat (so far, to our knowl-
edge, the only work on singularities such map-germs is the one on harmonic maps between
2-dimensional Riemannian manifolds carried out by J.C. Wood [33]).
A pseudospherical surface is, by definition, a frontal: it has, even at non-immersed points, a
well-defined normal. We distinguish between two different types of singularities of these sur-
faces, one where the map f is a wave front (sometimes called a weakly regular pseudospherical
surface) and the other where it is not. We deal in §3 with wave front pseudospherical surfaces.
These are parallels of regular linear Weingarten surfaces. We use Theorem 2.4, results from
singularity theory [1, 7] and the recognition criteria in [6] to obtain the bifurcations in generic 1-
parameter families of pseudospherical surfaces (Proposition 3.1 and Theorem 3.3). In this case,
the stable singularities of pseudospherical surfaces are cuspidal edges and swallowtails (Figure
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1; see [16]). We prove that the bifurcations in generic 1-parameter families of such surfaces are
the so-called cuspidal lips (A+3 ), cuspidal beaks (A
−
3 ) and cuspidal butterfly (A4); see Figure 2.
FIGURE 1. Stable singularities of wave fronts and parallels: cuspidal edge (A2,
left) and swallowtail (A3, right). (The singular set of an ordinary cuspidal edge
is drawn as a thicker curve.) Both cases occur on pseudospherical surfaces.
A4A3+ A3
- D4+ D4
-
Yes Yes NoNoYes
FIGURE 2. Generic bifurcations of parallels from ([1] and [7]). “Yes” for those
that can occur in families of pseudospherical surfaces and “No” for those that
do not.
FIGURE 3. Generic bifurcations of a pseudospherical surface with a 2/5-
cuspidal edge singularity. (The 2/5-cuspidal edge is the thick curve in the middle
figure.)
In §4 we deal with singularities at a point where the surface is not a wave front. There is
so far no general theory that deals with bifurcations in families of frontals with non-isolated
singularities (compare [14]), unlike the wave front case where one uses generating families of
functions ([2]); the difficulty being that the map ( f ,N) from the surface to the unit cotangent
bundle T ∗1 R3 is not necessarily an immersion. See [15] for a survey article, new results and
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FIGURE 4. Generic bifurcations of a pseudospherical surface with a Shcherbak
singularity. (The 2/5-cuspidale edge is the thicker curve in the middle figure.)
references on frontals. We define a map to the k-jet space of Lorentzian-harmonic map-germs
and use it to define the codimension of a singularity of the associated pseudospherical surface
as well as the notion of generic families of such surfaces. There are no stable non-wave front
singularities. The codimension 1 singularities are the 2/5-cuspidal edges which bifurcate as
in Figure 3 (Theorem 4.3), and the Shcherbak surface singularity which bifurcates as Figure 4
(Theorem 4.4). Thus, the five bifurcations illustrated in Figures 2, 3 and 4 is the complete list of
bifurcations in 1-parameter families of generic pseudospherical surfaces.
In §5 we provide a method for constructing the bifurcations explicitly, using loop groups.
Previously, in [4], loop group methods were used to study singularities by solving the Cauchy
problem along the singular curve itself. That approach has the complication that a different
treatment is needed if the curve is tangent to a characteristic direction. Here we use a new
approach, solving the Cauchy problem along an arbitrary non-characteristic curve that passes
through the singular point of interest. This gives a simple unified formulation that works for all
types of singularities.
In Theorem 5.1 we solve, using loop groups, the Cauchy problem for a Lorentzian-harmonic
map N :R1,1→S2, with N and one of its transverse derivatives prescribed along a non-characteris-
tic curve, by giving the formula for a potential that produces the solution. This allows one to
compute the solutions numerically. The theorem represents all Lorentzian-harmonic maps in
terms of a triple of functions (a(t),b(t),c(t)) of one variable. Theorems 5.4 and 5.6 then give
conditions on a, b and c that characterize the different types of generic singularities, and bifur-
cations in generic one parameter families of pseudospherical surfaces that were classified in the
preceding sections.
In §6 we turn our attention to the singularities of the harmonic map itself. We obtain the A -
singularities of map-germs from the plane into the 2-sphere that can be realized by Lorentzian-
harmonic maps, where A is the Mather group of germs of changes of coordinates in the source
and target. Finally, in §7, we discuss as a matter of side interest theA -singularities of Lorentzian-
harmonic maps into the plane.
Concluding remarks: A harmonic map N : S→ S2 and its associated pseudospherical surface
f : S→ R3 have the same singular set in the coordinate domain S: but, since the map and the
target space are not the same, the A -singularities are completely different. The unifying theme
of this work is that, in both cases, the essential tool is the characterization of k-jets of harmonic
maps in Theorem 2.4.
For pseudospherical surfaces, we have given two representations of the generic singularities
and bifurcations: one via the k-jet characterization, and the other by explicit formulas for the
loop group potentials that produce them. The first representation enables one to directly read
off the codimension of a given singularity, whilst the loop group potentials give simple formulas
in terms of geometric data along a curve and can be used to compute solutions. While it is
of course impossible to describe all singularities, a classification of the generic ones and those
of codimension 1 gives a good understanding of the singularities usually encountered on global
solutions. One of the challenges of this work is that there is no general theory for the bifurcations
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of frontals. Although non-wave front singularities are not stable, it is necessary to deal with
them when one considers bifurcations of 1-parameter families of pseudospherical surfaces, as
illustrated by the Shcherbak singularity. The results in this paper provide a motivation for seeking
to develop such theory.
2. BASIC PROPERTIES OF LORENTZIAN-HARMONIC MAPS AND THEIR ASSOCIATED
PSEUDOSPHERICAL SURFACES
2.1. Lorentzian harmonic maps, pseudospherical frontals and wave fronts. Let (S,h) be a
simply connected Lorentz surface and N : S→ S2 a smooth map. Then N is Lorentzian-harmonic
if and only if for any null coordinate system (x,y) the mixed partial derivative Nxy is proportional
to N, i.e.,
N×Nxy = 0.
Lorentzian-harmonic maps are also commonly known as wave maps: see [30] for a survey on
wave maps, and [24, 26] for the connection with special surfaces.
The pseudospherical surface associated to N, unique up to a translation, is the solution f :
S→ R3 to the system:
(2.1) fx = N×Nx, fy =−N×Ny.
The compatibility of the system (2.1), i.e. ∂y(N×Nx) = ∂x(−N×Ny), is in fact equivalent to the
Lorentzian-harmonic map equation N×Nxy = 0. Moreover, f is well-defined by N independent
of the choice of null-coordinates.
A differentiable map g : S→ R3 from a surface into Euclidean space is called a frontal map
and its image a frontal if there is a differentiable map ν : S→ S2 ⊂R3 such that dg is orthogonal
to ν (see [15] for references). This means that the Legendrian lift L = (g,ν) : S→ R3×S2 is an
isotropic map, where R3×S2 is identified locally with the unit cotangent bundle T ∗1 R3 equipped
with the canonical contact structure: that is, the pull-back of the contact form by L vanishes on
S.
The map g is a Legendrian map and its image a wave front (or simply a front) if the map L is
an immersion (this means that the image of L is a Legendrian surface); see [2].
In this paper we use the same notation for a parameterization of a surface and for the surface
itself, so frontal (resp. wave front) also indicates frontal map (resp. Legendrian map).
Proposition 2.1. A pseudospherical surface f is always a frontal. It is a wave front if and only
if both Nx and Ny are non-vanishing, or, equivalently, both fx and fy are non-vanishing.
Proof. For a pseudospherical surface f , d f is orthogonal to N, which makes f a frontal with
a Legendrian lift L = ( f ,N) : S→ R3×S2. Since Lx = (N×Nx,Nx) and Ly = (−N×Ny,Ny),
the map L is an immersion if and only if Nx 6= 0 6= Ny, which is equivalent to fx 6= 0 6= fy by
(2.1). 
From the equations (2.1) for f , we have | fx|= |Nx|, | fy|= |Ny| and
〈 fx, fy〉=−〈Nx,Ny〉,
so d f and dN have the same rank at each point and the set of points where f is regular is precisely
the set of points where N is regular. Around such a point we can write
| fx|= |Nx|=: A 6= 0, | fy|= |Ny|=: B 6= 0, 〈 fx, fy〉= ABcosφ ,
so the first fundamental form of f , with the metric induced from R3, is
I = A2dx2+2ABcosφdxdy+B2dy2.
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By the definition of f and by the harmonicity of N we have
〈 fx,Nx〉= 〈 fy,Ny〉= 0, fxy = Ny×Nx = fx× fy = (ABsinφ)N,
so the second fundamental form of f is
II = 2ABsinφ dxdy.
Hence the null coordinates (x,y) are asymptotic coordinates for f , and the Gaussian curvature of
f is constant K =−1. Conversely, it is well known that global asymptotic coordinates exist for
any regular constant negative curvature surface f (see e.g. [9]), and that these coordinates can
be chosen with 〈 fx, fx〉 = 〈 fy, fy〉 = 1. Asymptotic coordinates satisfy 〈 fx,Nx〉 = 〈 fy,Ny〉 = 0.
From these conditions it follows that Nxy is parallel to N, i.e., the Gauss map is harmonic with
respect to the Lorentz structure defined by the second fundamental form. Thus the maps defined
by (2.1) are a generalization of regular pseudospherical surfaces.
2.2. The local singular set for a pseudospherical wave front. In a neighbourhood of a point
where f is a pseudospherical wave front, the angle φ is well-defined and the set
Σ= {(x,y) | sinφ = 0}
is the set of points where f (and hence N also) fails to be an immersion. At a regular point of Σ,
the null-direction is the kernel of d f . Since, along the singular curve d f = (Adx+ε1Bdy) fx/| fx|,
where ε1 = ±1 depending on whether φ is an even or odd multiple of pi , the null direction is
given by:
η = B∂x− ε1A∂y, ε1 = sign(cosφ),
which would be a principal direction if the surface were regular.
Geometric recognition criteria for identifying the singularities of wave fronts (and some
frontals) f with a Legendrian lift L = ( f ,ν) are established in [18, 19, 21] using the singular
set and the null-direction. We reproduce them here for completeness. Let σ(x,y) = det( fx, fy,ν)
be the function whose zero set gives the singular set of f . When Rank(d fp) = 1, there is a unique
vector field η along the singular set of f parameterised by the null-directions.
Theorem 2.2. Let f : U → R3 be a wave front and p a singular point of f .
(i) The germ of f at p is a cuspidal edge (A2) if and only if the singular set is regular and
ησ(p) 6= 0; [21].
(ii) The germ of f at p is a swallowtail (A3) if and only if the singular set is regular and
ησ(p) = 0 and ηησ(p) 6= 0; [21].
(iii) The germ of f at p is a cuspidal butterfly (A4) if and only if the singular set is regular
and ησ(p) = ηησ(p) = 0 and ηηησ(p) 6= 0; [18].
(iv) The germ of f at p is a cuspidal lips (A−3 ) if and only if σ has a Morse singularity of
index zero or two at p; [19].
(v) The germ of f at p is a cuspidal beaks (A−3 ) if and only if σ has a Morse singularity of
index one at p and ηησ(p) 6= 0; [19].
Remark 2.3. It is worth observing that for a singular pseudospherical wave front surface f ,
although the singular sets of f and N coincide, by (2.1) the kernel direction of d fp and that
of dNp are orthogonal at points p on their singular set. Therefore, we should not expect the
singularities of f and those of N to be related in general. (See [20] for recognition criteria for
singularities of maps-germs from the plane to the plane.)
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2.3. Construction of germs of analytic Lorentzian-harmonic maps. To analyze the local
singularities of Lorentzian harmonic maps and their associated pseudospherical surfaces it will
be useful to have a characterization of an arbitrary k-jet of such maps. Let N :Ω⊂R1,1→ S2 be a
Lorentzian-harmonic map and (x,y) a null coordinate system in Ω. We are interested in the local
singularities of N, so we suppose that O = (0,0) ∈ Ω and that N(0,0) = (0,0,1). Then we can
write N locally at O in the form N(x,y) = δ (x,y)(u(x,y),v(x,y),1), with u,v analytic functions
on Ω vanishing at the origin, and δ = (1+ u2 + v2)− 12 . The Lorentzian-harmonic condition
N×Nxy = 0 is equivalent to the following system of semi-linear PDEs:
(2.2)

uxy− 11+u2+ v2 (2uuxuy+ v(uxvy+uyvx)) = 0,
vxy− 11+u2+ v2 (2vvxvy+u(uxvy+uyvx)) = 0.
We write jnu(x,y) = ∑nk=1∑
k
i=0 akix
k−iyi and jnv(x,y) = ∑nk=1∑
k
i=0 bkix
k−iyi for the n-jets, at
the origin, of u and v respectively. Then using (2.2), one can show that
jnu(x,y) =
n
∑
k=1
ak0xk +
n
∑
k=1
akkyk +
n
∑
k=3
k−1
∑
i=1
Pki(a,b)xk−iyi,
jnv(x,y) =
n
∑
k=1
bk0xk +
n
∑
k=1
bkkyk +
n
∑
k=3
k−1
∑
i=1
Pki(b,a)xk−iyi,
(2.3)
where aki =Pki(a,b),1≤ i≤ k−1, are polynomial functions in al0,all,bl0,bll , with 1≤ l≤ k−2,
and bki = Pki(b,a). (Observe that uxy = vxy = 0 at the origin, so a21 = b21 = 0, and in (2.2),
the second equation can be obtained from the first one by interchanging u and v; that is why
bki = Pki(b,a).) For the explicit examples considered below (Example 5.3) we only need the
3-jet, which has the form:
j3u(x,y) = a10x+a11y+a20x2+a22y2+a30x3+a33y3+
(a10a211+
1
2 a10b
2
11+
1
2 a11b10b11)xy
2+(a210a11+
1
2 a10b10b11+
1
2 a11b
2
10)x
2y,
j3v(x,y) = b10x+b11y+b20x2+b22y2+b30x3+b33y3+
(b10b211+
1
2 b10a
2
11+
1
2 b11a10a11)xy
2+(b210b11+
1
2 b10a10a11+
1
2 b11a
2
10)x
2y.
The above considerations suggest that the n-jet space of germs of such Lorentzian-harmonic
maps with N(0) = N0 is a germ of a smooth manifold of dimension 4n and can be parametrised
by ai0,aii,bi0,bii, for 1 ≤ i ≤ n, all in R. (If we allow N0 to vary in S2, then the dimension
becomes 4n+2.) Indeed,
Theorem 2.4. For any (a1,a2,b1,b2)∈R4n, with a1 =(ai0)1≤i≤n, a2 =(aii)1≤i≤n, b1 =(bi0)1≤i≤n,
and b2 = (bii)1≤i≤n, there is a local analytic Lorentzian-harmonic map into the 2-sphere deter-
mined by (a1,a2,b1,b2) with n-jet as in (2.3).
Proof. We consider the Cauchy problem given by the PDE (2.2) with the following conditions
along the non characteristic curve (t, t):
(2.4)

u(t, t) = ∑ni=1αit i,
ux(t, t) = ∑n−1i=0 βi+1t
i,
v(t, t) = ∑ni=1λit i,
vx(t, t) = ∑n−1i=0 µi+1t
i.
We set α = (αi)1≤i≤n, β = (βi)1≤i≤n, λ = (λi)1≤i≤n, µ = (µi)1≤i≤n. Let (u,v) be an ana-
lytic solution to the above Cauchy problem (which exists by Cauchy-Kowalevski’s Theorem).
Then the n-jets of u and v must be in the form (2.3). We have by (2.4) jnu(t, t) = ∑ni=1αit i,
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jn−1ux(t, t) = ∑n−1i=0 βi+1t
i, jnv(t, t) = ∑ni=1λit i, jnvx(t, t) = ∑
n−1
i=0 µi+1t
i. Comparing coefficients
in (2.4) gives
(2.5)

αi = ai0+aii+∑i−1j=1 ai j,
βi = iai0+∑i−1j=1(i− j)ai j
λi = bi0+bii+∑i−1j=1 bi j,
µi = ibi0+∑i−1j=1(i− j)bi j.
Using the fact that ai j = Pi j(a,b) and bi j = Pi j(b,a), 1 ≤ j ≤ i−1, are polynomial functions
in al0,all,bl0,bll , for 1 ≤ l ≤ i− 2, it is clear that the map ψ : R4n → R4n, with (α,β ,λ ,µ) =
ψ(a1,a2,b1,b2) defined by the relations in (2.5) is a diffeomorphism. We solve the Cauchy
problem for (α,β ,λ ,µ)=ψ(a1,a2,b1,b2) in (2.4). A solution to this problem gives the required
analytic Lorentzian-harmonic map into the 2-sphere with n-jet determined by (a1,a2,b1,b2).

3. SINGULARITIES AND BIFURCATIONS FOR THE WAVE FRONT CASE
3.1. Pseudospherical surfaces as parallels of regular surfaces. We seek a regular surface g
which has f as one of its parallels. This is equivalent to finding a scalar r for which the surface
g = f + rN is regular. With notation as in §2, we have
gx×gy = AB
(
(1− r2)sinφ +2r cosφ)N.
The quadratic equation (1− r2)sinφ + 2r cosφ = 0 in r has two solutions ri = (cosφ +
(−1)i)/sinφ , i = 1,2. At a regular point p0 of f , r1 and r2 are the radii of curvature of f at
p0. At a singular point p0 of f , r2 goes to infinity and r1 = 0. In both cases p0 regular or singular
point of f , we can choose a neighbourhood U of p0 on f such that r is not a solution of the above
quadratic equation for all points in U . Then g is a regular surface at points in U and f = g− rN
is its parallel with distance −r.
In U , the Gaussian and mean curvatures of g are given by
Kg =− sinφ
(1− r2)sinφ +2r cosφ , Hg =
r sinφ − cosφ
(1− r2)sinφ +2r cosφ .
We have some immediate consequences from this:
(a) The parabolic set of g corresponds to the singular set of f .
(b) We have H2g −Kg = 1/((1− r2)sinφ + 2r cosφ)2, so g restricted to U is an umbilic free
surface. Its principal directions are given by dy2−dx2 = 0 and its asymptotic directions are the
solutions of
rdy2−2(r cosφ + sinφ)dxdy− rdx2 = 0.
(c) Finally, we have
(1+ r2)Kg+2rHg+1 = 0,
so g is a linear Weingarten surface.
3.2. Bifurcations in generic 1-parameter families. As we suppose in this section that f is a
wave front, it is a parallel of a regular surface (see §3.1), so we can use the results in [7] to study
its singularities in a similar way to the case of spherical surfaces in [6].
Singularities of parallels of a general surface g :Ω→R3 are studied by Bruce in [7] (see also
[10]). Bruce considered the family of distance squared functions Ft0 : Ω×R3 → R given by
Ft0((x,y),q) = |g(x,y)−q|2− t20 . A parallel Wt0 of g is the discriminant of Ft0 , that is,
Wt0 =
{
q ∈ R3 : ∃(x,y) ∈Ω such that Ft0((x,y),q) =
∂Ft0
∂x
((x,y),q) =
∂Ft0
∂y
((x,y),q) = 0
}
.
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For q0 fixed, the function Fq0,t0(x,y) = Ft0(x,y,q0) gives a germ of a function at a point on
the surface. Varying q and t gives a 4-parameter family of functions F . Let R denote the group
of germs of diffeomorphisms from the plane to the plane. Then, by a transversality theorem in
[22], for a generic surface, the possible singularities of Fq0,t0 are those ofR-codimension 4, and
these are as follows (with R-models, up to a sign, in brackets): A±1 (x
2± y2), A2 (x2 + y3), A±3
(x2± y4), A4 (x2+ y5) and D±4 (y3± x2y).
When the family Ft0 is an R-versal deformation of the A3-singularity, the parallel is a swal-
lowtail. It can happen that Ft0 fails to be an R-versal deformation of the A3-singularity. In this
case we denote the singularities by non-transverse A±3 .
Bruce showed that F is always an R-versal family of the A±1 and A2 singularities. Conse-
quently the parallels at such singularities are, respectively, regular surfaces or cuspidal edges. In
particular, the A2-transitions in wave fronts ([1]) do not occur on parallels of surfaces ([7]).
For the codimension 1 singularities in parallels, we observe that, for pseudospherical sur-
faces, once g= f + rN is fixed (i.e., once r is fixed), the only parallel of g with constant negative
Gaussian curvature is f . Therefore, one needs to consider 1-parameter families of pseudospheri-
cal surfaces in order to possibly realise the generic bifurcations that occur in parallels of surfaces
by varying r.
Proposition 3.1. The D±4 -singularities do not occur on pseudospherical surfaces, either in the
wave front or non-wave front cases.
Proof. The surface f has a D±4 -singularity if it is locally diffeomorphic to the image of the map
(s, t) 7→ (st,s2∓3t2,s2t∓t3) (see for example [10]). Then f has rank 0 at the D±4 -singularity and
we can show that N has rank 2 at that point. This cannot happen on pseudospherical surfaces as
f and N have the same rank. 
Remark 3.2. In the case when f is a wave front, §3.1 provides another argument why the D±4 -
singularities do not occur on pseudospherical surfaces. Such singularities occur at umbilic points
of the surface g, and we pointed out that g is an umbilic free surface.
Theorem 3.3. (1) The stable singularities A2 (cuspidal edge) and A3 (swallowtail) can occur on
pseudospherical surfaces (Figure 1 and Figure 6, [4, 16]).
(2) The codimension 1-singularities non-transverse A+3 (cuspidal lips), non-transverse A
−
3
(cuspidal beaks) and A4 (cuspidal butterfly) can occur on pseudospherical surfaces.
(3) The evolution of parallels at a non-transverse A±3 and A4 can be realized in generic 1-
parameter families of pseudospherical surfaces; see Figure 2 and Figure 7.
(4) The cuspidal lips, beaks and butterfly bifurcations are the only ones that can occur in
generic 1-parameter family of pseudospherical wave fronts.
Proof. The type of a singularity of f at a given point p is determined by a certain n-jet of f at
p. By Theorem 2.4, we have all the possible n-jets of N, and hence of f at any given point on
f . We use the setting in Theorem 2.4 to express the conditions for a given singularity (of a wave
front) to occur on f in terms of the coefficients that determine N. Theorem 2.4 assures that such
Lorentzian-harmonic maps exist.
Items (1) and (2): Using the setting in Theorem 2.4, the 1-jet of a defining equation of the
singular set Σ of f , which is the same as that of N, is given by
j1σ = b11a10−b10a11+2(a20b11−a11b20)x+2(a10b22−a22b10)y.
The pseudospherical surface is singular at the origin if, and only if,
(3.1) b11a10−b10a11 = 0.
Suppose that f is singular at the origin and that Σ is a regular curve, that is, a20b11−a11b20 6= 0
or a10b22−a22b10 6= 0. We compute the 3-jet of σ as well as that of a vector field η giving the
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null direction along Σ. We have η transverse to Σ at the origin if, and only if,
(3.2)
{
b11a10−b10a11 = 0,
b11(a20b11−a11b20)+b10(a10b22−a22b10) 6= 0.
Then f is a cuspidal edge by Theorem 2.2(i).
The null direction η has first order contact with Σ at the origin if, and only if,
(3.3)

b11a10−b10a11 = 0,
b11(a20b11−a11b20)+b10(a10b22−a22b10) = 0,
6b33a10b210−6b30a11b211−6a33b310+6a30b311+
4b20b22a10b11−4b20b22a11b10+12a20b22b10b11−12a22b20b10b11+
a310b
3
11+3a
2
10a11b10b
2
11−3a10a211b210b11+6a10b210b311−a311b310−6a11b310b211 6= 0.
Then f is a swallowtail by Theorem 2.2(ii). (Observe that, in general, the second condition in
(3.3) is distinct from that for N to have a cusp singularity, see the proof of Theorem 6.1 and
Remark 2.3.)
The null direction η has second order contact with Σ at the origin if, and only if, the first
two conditions in (3.3) are satisfied, the left hand side of the third vanishes and a polynomial in
ai,0,ai,i,bi,0,bi,i, i≤ i≤ 4, does not vanish (the polynomial is too lengthy to reproduce here, but
we can choose N so that it does not vanish). When this happens, the singularity of f is a cuspidal
butterfly by Theorem 2.2(iii).
Consider now Σ singular, that is b11a10−b10a11 = a20b11−a11b20 = a10b22−a22b10 = 0. We
can take, without loss of generality, a10 6= 0, so that the 2-jet of σ becomes
j2σ =−3a11
a10
(a10b30−a30b10)x2+3(a10b33−a33b10)y2.
Clearly, σ can have a Morse singularity or type A+1 or A
−
1 (provided (a10b30−a30b10) 6= 0 and
(a10b33−a33b10) 6= 0. We cannot have a11 = 0 as that would imply b11 = 0, that is, Ny(0,0) = 0).
When it has an A+1 -singularity, f has a cuspidal lips by Theorem 2.2(iv). At an A
−
1 -singularity,
the null direction (a11,a10) is transverse to the branches of Σ if, and only if,
(a10b30−a30b10)a311− (a10b33−a33b10)a310 6= 0.
When this is the case, the singularity of f is a cuspidal beaks by Theorem 2.2(v).
Item (3): For the realization of the generic bifurcations of the singularities non-transverse
A±3 and A4, we established in Theorem 4.1 and Theorem 4.2 in [6] general geometric crite-
ria for determining when such bifurcations are realized. The criteria depend on certain n-jets
of the family of surfaces. We use those criteria to construct generic 1-parameter families of
Lorentzian-harmonic maps using Theorem 2.4. These give the 1-parameter families of pseudo-
spherical surfaces which realize the generic bifurcations of parallels at non-transverse A±3 and A4
singularities. In §5 we use the loop group method to construct examples of 1-parameter families
of pseudospherical surfaces that realise these evolutions.
Item (4): A priori, singularities more degenerate than those occurring in generic 1-parameter
families of parallels could occur generically in 1-parameter families of pseudospherical surfaces.
However, for such singularities to occur, we will require at least 4 conditions on the coeffi-
cients of jkN. A transversality argument (see §4 for details) shows that such singularities can be
avoided on pseudospherical wave fronts. Therefore, the only non-stable local singularities that
can occur in generic 1-parameter families of pseudospherical wave fronts are those in items (2)
and (3) above. 
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4. THE NON-WAVE FRONT CASE
As pointed out in the introduction, there is so far no analogous theory of generating fami-
lies for wave fronts ([2]) that deals with deformations of frontals. When the pseudospherical
surface f is not a wave front we will use transversality in the jet space to define the notions of
codimension and generic families.
A pseudospherical surface f is determined by a Lorentzian-harmonic map, which in turn is
determined locally at each point by a pair of functions (u,v). According to Theorem 2.4, the
k-ket of N at a given point is determined by the k-jets at that point of the four functions obtained
from u,v by fixing one of the variables.
Given an m-parameter family of pseudospherical surfaces f s, we associate to each member of
the family a pair of functions (us,vs) which determine the Lorentzian-harmonic map associated
to f s. Let Jk(p,q) denote the space of k-jets of maps from Rp to Rq, and define the family of
Monge-Taylor maps,
Φ : (R×R×Rm,((0,0),0))→ Jk(1,2)× Jk(1,2),
given by Φ(x,y,s) = φ s(x,y), where
φ s(x,y) =
(
( jkxu
s(−,y), jkxvs(−,y)),( jkyus(x,−), jkyvs(x,−))
)
with jkxu
s(−,y) (resp. jkyus(x,−)) denoting the Taylor polynomial of order k at x (resp. y) of us
with y (resp. x) fixed.
The conditions for a pseudospherical surface f to have a certain type of singularity at a point
(x,y) are expressed in terms of the coefficients in the Taylor expansions of the functions obtained
from u,v by fixing one of the variables. These conditions define a variety V in Jk(1,2)×Jk(1,2)
(we take k sufficiently large). We say that a singularity of f = f 0 at the origin with φ 0(0,0) ∈V
is of codimension m if m is the least integer for which there exists an m-parameter family f s
of pseudospherical surfaces, with s near zero in Rm, such that the associated family Φ above is
transverse to V . We call the family f s a generic deformation of the singularity of f 0.
We identify Jk(1,2)× Jk(1,2) with R2k×R2k.
Proposition 4.1. The tangent space to the image of the Monge-Taylor map φ = φ 0 is generated
by φx(0,0) and φy(0,0) with
φx(0,0) =
(
( jkxU1(−,0), jkxV1(−,0)),( jkyU1(0,−), jkyV1(0,−))
)
,
φy(0,0) =
(
( jkxU2(−,0), jkxV2(−,0)),( jkyU2(0,−), jkyV2(0,−))
)
,
where
U1 = ux(x,y)−ux(0,0)− (ux(0,0)u(x,y)+ vx(0,0)v(x,y))u(x,y),
U2 = uy(x,y)−uy(0,0)− (uy(0,0)u(x,y)+ vy(0,0)v(x,y))u(x,y),
V1 = vx(x,y)− vx(0,0)− (ux(0,0)u(x,y)+ vx(0,0)v(x,y))v(x,y),
V2 = vy(x,y)− vy(0,0)− (uy(0,0)u(x,y)+ vy(0,0)v(x,y))v(x,y).
Proof. The functions u,v give the coordinates (u,v,1) of N in the tangent plane to the sphere at
(0,0,1). Denote by N0 = δ0(u0,v0,1) the vector N(x0,y0), for (x0,y0) near the origin. Then the
coordinates (u˜(X ,Y ), v˜(X ,Y ),1) of N(X +x0,Y +y0) in the tangent plane to the sphere at N0 are
given by
u˜(X ,Y ) = 1λ (X ,Y )(u(X + x0,Y + y0)−u0),
v˜(X ,Y ) = 1λ (X ,Y )(−u0v0u(X + x0,Y + y0)+(1+u20)v(X + x0,Y + y0)− v0),
with λ (X ,Y ) = δ0(1+(u0)2)
1
2 (1+u0u(X+x0,Y +y0)+v0v(X+x0,Y +y0)). The result follows
by differentiating u˜ and y˜ with respect to x0 and y0 and evaluating at the origin. 
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Lemma 4.2. A singularity at p of a pseudospherical surface f with rank(d fp) = rank(dNp) = 0
is of codimension ≥ 2.
Proof. In the setting of §2 with p the origin, rank(d fp) = rank(dNp) = 0 if, and only if, a10 =
a11 = b10 = b11 = 0. This gives a codimension 4 variety V in Jk(2,1)× Jk(2,1), k ≥ 1. Using
Proposition 4.1, we find that any family fs with f = f0 has to be of at least 2-parameters for Φ
to be transverse to V . 
As we are interested here in codimension 1 singularities, we must have rank(d fp) = 1. Also, f
is not a wave front at p if and only if either Nx or Ny vanishes at p (Proposition 2.1).
Theorem 4.3. Suppose that N has rank 1, Ny = 0 or Nx = 0 and that Σ is regular (so it is locally a
null curve [4]). Then generically f is locally a 2/5-cuspidal edge, i.e., it is locally diffeomorphic
to the image of the map (x,y) 7→ (x,y2,y5).
The bifurcations of f in a generic 1-parameter family f s of pseudospherical surfaces with
f 0 = f , are as shown in Figure 3. The singular set of f s is an ordinary 2/3 cuspidale edge for
s 6= 0, and there is a birth of a double point curve on the surface f s on one side of the bifurcation
(s < 0 or s > 0). The singular curve in the source is timelike on one side of the transition and
spacelike of the other side.
Proof. We suppose, without loss of generality, that the point of interest is the origin and that
Ny = 0 and Nx 6= 0 at that point. As Σ is supposed to be regular (equivalently [N,Nx,Nyy] 6= 0 at
the origin), it is locally the null curve y = 0, see [4].
We consider the orthonormal frame N(0),Nx(0)/A,N(0)×Nx(0)/A, with A = |Nx(0)|. The
tangent to the image of the singular set at the origin is fx(0) = N(0)×Nx(0). We intersect the
image of f with the plane at the origin generated by N(0),Nx(0). This gives a curve γ on f
parametrised by γ(y) = (〈 f (0,y),N(0)〉,〈 f (0,y),Nx(0)/A〉). It follows by the hypothesis and
using the fact that N is Lorentzian-harmonic that
γ(y) =
(
2
5!
[N(0),Nyy(0),Nyyy(0)]y5+O(6),
1
2A
[N(0),Nyy(0),Nx(0)]y2+O(3)
)
,
where O(l) denotes a remainder of order l. Therefore, the curve γ is A -equivalent to (y2,y5)
provided [N(0),Nyy(0),Nx(0)] 6= 0 (which we assumed already) and [N(0),Nyy(0),Nyyy(0)] 6= 0.
These conditions are satisfied by generic pseudospherical surfaces. Observe that in the above
calculations there is nothing special about the origin on the singular set, that is, all the local
transverse sections of f yield curves with singularities A -equivalent to (y2,y5). It follows that
f is A -equivalent to (x,y2h(x,y),y5k(x,y)), with h,k germs of smooth functions not vanishing
at the origin. Further changes of coordinates set f ∼A (x,y2,y5k˜(x,y)), with k˜(0,0) 6= 0. Using
Theorem 4.1.1 in [25], we get f ∼A (x,y2,y5(1+ p(x,y2))). The diffeomorphism (u,v,w) 7→
(u,v,w/(1+ p(u,v))) gives f ∼A (x,y2,y5) as required.
The non-wave front stratum in Jk(1,2)× Jk(1,2), k ≥ 1, is the union of F1 : a11 = 0,b11 = 0
with F2 : a10 = 0,b10 = 0. As we assumed Ny = 0 and Nx 6= 0 (N has rank 1), the component of
interest is F = F1 : a11 = 0,b11 = 0.
The tangent space to F is the intersection of the kernels of the 1-forms ξ1 = da11 and ξ2 =
db11.
We can work in J1(1,2)× J1(1,2) ≡ R2 ×R2. Then φx(0,0) = ((2a20,2b20),(0,0)), and
φy(0,0) = ((0,0),(2a22,2b22)). It is clear that ξ1(φx(0,0)) = ξ2(φx(0,0)) = 0, so φ is not trans-
verse to F . In particular, a pseudospherical surface which is a 2/5-cuspidal edge is not stable.
Consider a 1-parameter family of pseudospherical surfaces generated by a pair of 1-parameter
family of functions us,vs with u0 = u, v0 = v. We have
(4.1)
∂Φ
∂ s
((0,0),0) = (( jkx
∂us
∂ s
((−,0),0), jkx
∂vs
∂ s
((−,0),0)),( jky
∂us
∂ s
((0,−),0), jky
∂vs
∂ s
((0,−),0))).
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For k = 1, and working in J1(1,2)× J1(1,2), we have ∂Φ∂ s = (( ∂
2us
∂ s∂x ,
∂ 2vs
∂ s∂x),(
∂ 2us
∂ s∂y ,
∂ 2vs
∂ s∂y)) at
the origin. Then Φ fails to be transverse to F at Φ((0,0),0) if, and only if, there exist scalars
c,d such that ξ1(cφy + d ∂Φ∂ s ) = ξ2(cφy + d
∂Φ
∂ s ) = 0 at the origin, alternatively, ξ1(φy)ξ2(
∂Φ
∂ s )−
ξ1( ∂Φ∂ s )ξ2(φy) = 0 at the origin. Therefore, Φ is transverse to F at Φ((0,0),0) if, and only if,
(a) :
(
b22
∂ 2us
∂ s∂y
−a22 ∂
2vs
∂ s∂y
)
((0,0),0) 6= 0.
Clearly, we can choose us,vs with this property. This shows that the 2/5-cuspidal edge
singularity in pseudospherical surfaces is a codimension 1 phenomenon. We need to con-
sider the intersection of Φ with the stratum of singular Lorentzian-harmonic maps, given by
Σ : a11b10− a10b11 = 0 (see (3.1)). At a point on F , the tangent space to Σ is the kernel of the
1-form µ =−b10da11+a10db11. We have µ(φx(0,0)) = 0 and µ(φy(0,0)) =−b10a22+a10b22.
Therefore φ = φ 0 is transverse to Σ if, and only if, b10a22− a10b22 6= 0. When this is the case,
(φ s)−1(Σ) is a regular curve on the pseudospherical surface f s for all s near 0. We know from
[4] that (φ 0)−1(Σ) is a null curve of f 0. We take a family of pseudospherical surfaces with Φ
transverse to F . Then, if
(b) :
(
b10
∂ 2us
∂ s∂x
−a10 ∂
2vs
∂ s∂x
)
((0,0),0) 6= 0,
(φ s)−1(Σ) is timelike for s < 0 and spacelike for s > 0 or vice-versa. We can choose (us,vs)
satisfying conditions (a) and (b).
To complete our study, we need to consider the multi-local singularities of the members of the
family f s, namely the double point curve of f s. Multi-local local singularities are hard to deal
with using the jet space method as they do not depend on a finite number of the coefficients of
the Taylor expansion of the map-germ. As the double point curve is A -invariant, we proceed as
follows.
Any 1-parameter family f s of f = f 0 is A -equivalent a family g(x,y,s) = (x,y2,q(x,y,s))
(this follows from the fact the map-germ from the plane to the plane (x,y) 7→ (x,y2) is stable).
We can take q(x,y,0) = y5. It follows from the fact that the singular set is A -invariant that
qy(x,y,s) = y(5y3 + sh(x,y,s)) for some germ of a family of analytic functions h. Therefore,
g(x,y,s) = (x,y2,y5+ sy2k(x,y,s)).
The map gs(x,y) = g(x,y,s) has a double point gs(x1,y1) = gs(x2,y2) with (x1,y1) 6= (x2,y2)
if, and only if, x1 = x2 = x, y2 =−y1 and
(4.2) y51+ sy
2
1k(x,y1,s) =−y51+ sy21k(x,−y1,s).
Writing k(x,y,s)= yp(x,y2,s)+l(x,y2,s), equation (4.2) becomes y31(y
2
1+sp(x,y
2
1,s))= 0. There-
fore, if p(0,0,0)< 0 (resp. p(0,0,0)> 0), there are two regular curves in the source which are
mapped to the same regular curve in the target (the double point curve of gs) for s > 0 and none
for s < 0 (resp. vice-versa).
Using our initial setting, and reducing the initial k-jets of f s to the required form, we find that
the condition p(0,0,0) 6= 0 is given by
b10b22
∂ 2us
∂ s∂y
((0,0),0)+(2a22b10−3a10b22) ∂
2vs
∂ s∂y
((0,0),0) 6= 0.
Clearly, we can choose the family f s to satisfy also this condition. 
A surface f :R2,0→R3,0 is called a Shcherbak surface if f isA equivalent to the map-germ
(x,y) 7→ (x,xy2+ y3,xy4+ 65 y5); see Figure 4 (middle) and Figure 9.
Theorem 4.4. Suppose that N has rank 1 and that Ny = 0 or Nx = 0. In generic 1-parameter fam-
ilies of pseudospherical surfaces f s, the singular set of f = f 0 can have a Morse A−1 -singularity,
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Swallowtail singularities
Null curve
Cusps of the double point curves
s-axis
0
FIGURE 5. The surface formed by the singular sets of f s (left) and its sections
by the planes s = constant (right). The swallowtail singularities (resp. cusps of
the double point curve) are represented by the circular (resp. square) dots.
where one of the branches is a null curve and the other is transverse to both null curves at the
singular point. Then f 0 is a Shcherbak surface. The deformations in the family f s as s varies
near zero are as shown in Figure 4 and Figure 9. We have a birth of two swallowtail singular-
ities on one side of the transition and none on the other side. On the side where there are no
swallowtail singularities, we have a birth of two cusp singularities of the double point curve.
Proof. Following the proof of Theorem 4.3 and the notation there, the singular set is singular
when φ = φ 0 is not transverse to the variety Σ in Jk(2,1)× Jk(2,1), and this happens when
b10a22− a10b22 = 0. Then, the family Φ is transverse to Σ if, and only if, µ( ∂Φ∂ s ) 6= 0, that is,
b10 ∂
2us
∂ s∂y − a10 ∂
2vs
∂ s∂y 6= 0. As, b10a22− a10b22 = 0, transversality occurs if, and only if, b22 ∂
2us
∂ s∂y −
a22 ∂
2vs
∂ s∂y 6= 0, that is if, and only if, Φ is transverse to F . We can choose a 1-parameter family f s
so that Φ is transverse to Σ (and hence to F), so the singularity of f = f 0 is of codimension 1.
The swallowtail stratum is given by the first two equations in (3.3), namely
SW :
{
b11a10−b10a11 = 0,
b11(a20b11−a11b20)+b10(a10b22−a22b10) = 0.
Clearly φ intersects the SW -stratum when φ(0,0) ∈ F ∩Σ. Following similar calculations to
those in the proof of Theorem 4.3, we can show that SW is a regular codimension 2 variety. As φ
is not transverse to Σ at φ(0,0), it is not transverse to the SW -stratum. The familyΦ is transverse
to this stratum if, and only if, it is transverse to Σ.
We choose a 1-parameter family of pseudospherical surfaces f s, with f = f 0 so that Φ is
transverse to Σ. Then Φ−1(Σ) is a smooth surface and the pre-images of F and SW strata are
regular curves on Φ−1(Σ) (see Figure 5).
The plane s = 0 has generically a Morse A−1 -contact with Φ
−1(Σ) and a Morse contact with
the curve Φ−1(SW ). Indeed, assuming without loss of generality that a10 6= 0, the 2-jet of the
equation of the singular set is given, for s = 0, by
−4a22
a10
(a10b20−a20b10)xy+(3a10b33−3a33b10)y2,
so we have a Morse A−1 -contact if, and only if, a22(a10b20−a20b10) 6= 0. Suppose that this is the
case. Then following the algorithm for recognition of the swallowtail singularity, we find that
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the 2-jet of a parametrisation of Φ−1(SW ) has the form(
3a10(a10b33−a33b10)
2a22(a10b20−a20b10)y+Λy
2,y,−3y2(a10b33−a33b10)
)
,
with Λ an irrelevant constant. The curve above has a Morse contact with the plane s = 0 if, and
only if, a10b33− a33b10 6= 0, that is, the branch of the singular set which is not a null curve is
transverse to the other null curve. The above conditions are also satisfied in generic 1-parameter
families of pseudospherical surfaces.
To show that f 0 is a Shcherbak surface, we use Theorem 2.4 to obtain the 5-jet of N given
all the conditions imposed on ai j and bi j in this proof (geometrically, we impose that the sin-
gular set has a Morse A−1 -singularity with one branch a null curve and the other branch trans-
verse to the other null curve). We then integrate (2.1) to obtain the 5-jet of f 0. We find that
j5 f 0 ∼A (5) (x,xy2+ y3,xy4+ 65 y5) (see §6 for notation). As one of the cuspidal edges of f 0 is a
2/5-cuspidal edge and the other one is an ordinary cuspidal edge, it follows by Ishikawa’s criteria
for recognition of a Shcherbak surface (Theorem 3.19 in [13]) that f 0∼A (x,xy2+y3,xy4+ 65 y5),
that is, f 0 is a Shcherbak surface.
We now deal with the double point curve of f s. Following the method in [8], the equation of
double point curve of the model Shcherbak surface (x,y) 7→ (x,xy2 + y3,xy4 + 65 y5) is given by
y2(x2−2xy−4y2) = 0. This means that double point curve of f 0 has a non-isolated singularity,
so it does not have a model for its deformations with a finite number of parameters. (Also, the
method in [8] is hard to use here as we do not have an explicit formula for the defining equation
of the image of f s.) In what follows, we determine the locus of points in the (x,y,s)-space where
the double point curve of f s has a cusp singularity, i.e., where f s has a multi-local singularity of
type A0A2, which consists of a local intersection of a cuspidal edge with an immersion.
We take the family f s as above, so its singular set undergoes a generic Morse transition. Then
f s is equivalent, by parametrised changes of coordinates in the source and target, to a family
g(x,y,s) = (x,y3 + xy2 + sy,q(x,y,s)) with q(x,y,0) = xy4 + 65 y
5. (This follows from the fact
that the family of map-germs (x,y,s) 7→ (x,y3 + xy2 + sy) is an Ae-versal family of the beaks-
singularity (x,y) 7→ (x,y3 + xy2).) The singular set of gs is given by 3y2 + 2xy+ s = 0 (gs is
A -equivalent to f s), therefore qy(x,y,s) = (3y2 +2xy+ s)(2y2 + sk(x,y,s)) for some germ of a
family of analytic functions k. Integrating by parts, we get that q(x,y,s) = P(x,y,s)+ sQ(x,y,s)
with
P(x,y,s) = xy4+ 65 y
5+ 23 sy
3,
Q(x,y,s) = (3y2+2xy+ s)hyy(x,y,s)− (6y+2x)hy(x,y,s)+6h(x,y,s),
for some germ of a family of analytic functions h. Suppose that gs has a cuspidal edge singularity
at (x1,y1) and there exists (x2,y2) 6= (x1,y1) such that g(x1,y1,s) = g(x2,y2,s), i.e., gs has an
A0A2-singularity. Writing g = (g1,g2,g3), then x1 = x2 = x, and the conditions g2y(x,y1,s) = 0
and (g2(x,y1,s)−g2(x,y2,s))/(y1− y2) = 0 give
(4.3) x =−2y1− y2, s = y21+2y1y2.
Now, with x and s as in (4.3), we get
P(x,y1,s)−P(x,y1,s)
y1− y2 = (y1− y2)
3(2y1+3y2).
We prove, by considering the homogeneous part of Q of any degree, for x and s as in (4.3), that
Q(x,y1,s)−Q(x,y1,s)
y1− y2 = (y1− y2)
3L(y1,y2)
for some analytic function L. Thus, from (g3(x,y1,s)− g3(x,y2,s))/(y1− y2) = 0, and with
x,s as in (4.3), we get 2y1 + 3y2 +O2(y1,y2) = 0. It follows that the set of points where gs
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has an A0A2-singularity is a regular analytic curve in the (x,y, t)-space parametrised by y 7→
(2y+O2(y),y,−3/4y2 +O3(y)). (It is worth observing that there is no extra condition on g for
the existence and regularity of this curve.) On the other hand, the swallowtail singularities of gs
occur along the curve in (x,y,s)-space parametrised by y 7→ (−3y,y,3y2). Clearly, the above two
curves lie on opposite side of the tangent plane at the origin of the surface of the singular sets
3y2+2xy+s= 0. All the above properties areA -invariant, so we get the configuration in Figure
5 (left) for the family f s of pseudospherical surfaces. Using this, and taking into consideration
the deformation of 2/5-cuspidal-edge (Figure 3), we can draw the generic bifurcations in the
family f s as shown in Figure 4. 
Remark 4.5. The 2/5-cuspidal edge and Shcherback bifurcations are the only ones that can occur
in generic 1-parameter families of pseudospherical surfaces f s with f 0 not a wave front. This
follows from the fact that any other bifurcation would mean the singular set of f 0 has either a
singularity more degenerate than Morse or a Morse singularity with one branch a null curve and
the other branch tangent to the other null curve. These cases determine varieties of codimension
≥ 4 in the jet space, so cannot occur generically in 1-parameter families of pseudospherical
surfaces.
5. CONSTRUCTION VIA LOOP GROUPS
In this section we will show how to construct pseudospherical surfaces with prescribed singu-
larities using loop groups.
5.1. Loop group construction of pseudospherical frontals. See [4] for more details of the
following outline. We identify R3 = su(2) with inner product 〈X ,Y 〉 = −2trace(XY ) and an
orthonormal basis
e1 =
1
2
(
0 i
i 0
)
, e2 =
1
2
(
0 −1
1 0
)
, e3 =
1
2
(
i 0
0 −i
)
.
Let G denote the group of smooth maps (loops) γ : S1 → SL(2,C) that satisfy the twisting
condition γ(λ ) = AdP γ(−λ ), where P = diag(−1,1) and the reality condition γ(λ ) = γ t(λ¯ )
−1
.
The loops are assumed to be of a suitable class such that each loop extends holomorphically to
an annulus around S1 ⊂ C∗. The reality condition means that a loop takes values in SU(2) for
real values of the loop parameter λ . The twisting condition is standard (see, e.g. [12]) in the
loop group representation of harmonic maps into the symmetric space S2 = SU(2)/K where the
diagonal subgroup K is the fixed point set of the involution [x 7→ AdP x] of SU(2).
Let Ω⊂ R1,1 be a simply connected open set. An admissible frame is a map Fˆ :Ω→ G such
that the Fourier expansion of the Maurer-Cartan form Fˆ−1dFˆ is a Laurent polynomial of the
form
Fˆ−1dFˆ = (A1dx)λ +(A0dx+B0dy)+(B−1dy)λ−1,
where (x,y) is any local null-coordinate system. For any map Zˆ into G , write Z = Zˆ
∣∣
λ=1. Given
an admissible frame, define N : Ω→ S2 and f : Ω→ R3 = su(2) by:
N = AdF e3, f =
(
λ
∂ Fˆ
∂λ
Fˆ−1
)∣∣∣
λ=1
.
Then N is a Lorentzian-harmonic map and f is the associated pseudospherical surface with
Gauss map N. The problem of constructing pseudospherical frontals Ω→ R3 is equivalent to
constructing admissible frames, and an admissible frame Fˆ is determined uniquely by f (or N)
if we choose a basepoint p at which Fˆ(p) = I.
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5.2. The generalized d’Alembert representation. M. Toda [31] gave a method that allows one
to construct all admissible frames from pairs of arbitrary C-valued functions of one variable. If
U = (a,b)× (c,d) is a local box chart in R1,1, i.e. the coordinates x on (a,b) and y on (c,d)
are oriented null coordinates, a potential pair (χˆ, ψˆ) is a pair of 1-forms with values in the Lie
algebra Lie(G ) of G of the form
χˆ =
1
∑
n=−∞
An(x)λ ndx, ψˆ =
∞
∑
n=−1
Bn(y)λ ndy.
Because of the twisting and reality conditions, the “leading” terms of χˆ and ψˆ are:
χˆ1 =
(
0 ζ (x)
−ζ (x) 0
)
λdx, ψˆ−1 =
(
0 ξ (y)
−ξ (y) 0
)
λ−1dy,
where ζ (x) = ζ1(x)+ iζ2(x) and ξ (y) = ξ1(y)+ iξ2(y) are arbitrary functions. A potential pair
is called regular at a point (x,y) if both χˆ1 and ψˆ−1 are non-zero at (x,y), and a potential pair is
normalized if these are the only terms, i.e. if χˆ = χˆ1 and ψˆ = ψˆ−1.
Define subgroups of G
G ± := {x ∈ G | x =
∞
∑
n=0
anλ±n}, G ±∗ := {x ∈ G ± | a0 = I}.
The Birkhoff decomposition G = G ±∗ ·G ∓ (see [27, 3]) gives real analytic diffeomorphisms G →
G ±∗ ×G ∓. Using this, we construct an admissible frame from a potential pair as follows:
(1) Solve Xˆ−1+ dXˆ+ = χˆ , and Yˆ−1− dYˆ− = ψˆ , with initial conditions Xˆ(x0) = I and Yˆ (y0) = I.
(2) At each point (x,y) perform the Birkhoff decomposition Xˆ(x)−1Yˆ (y)= Hˆ−(x,y)Hˆ+(x,y),
with Hˆ−(x,y) ∈ G −∗ , and set
Fˆ(x,y) = Xˆ(x)Hˆ−(x,y).
Then Fˆ is an admissible frame. The wave front condition for the associated frontal is equivalent
to the non-vanishing of the leading order terms χˆ1 and ψˆ−1. More precisely:
Nx(x0,y) 6= 0 for all y ⇔ χˆ1(x0) 6= 0, and Ny(x,y0) 6= 0 for all x ⇔ ψˆ−1(y0) 6= 0.
Conversely, given an admissible frame Fˆ , the two normalized Birkhoff splittings
Fˆ = Xˆ+G− = Yˆ−G+, Xˆ+(x,y) ∈ G +∗ , Yˆ−(x,y) ∈ G −∗ ,
gives a normalized potential pair, χˆ = χˆ1 = Xˆ−1+ dXˆ+ and ψˆ = ψˆ−1 = Yˆ−1− dYˆ−. Thus, once a
basepoint p = (x0,y0) (where Fˆ(p) = Xˆ+(p) = Yˆ−(p) = I) is chosen, there is a one-one corre-
spondence between admissible frames and normalized potential pairs.
5.3. Solving the Cauchy problem. In Theorem 2.4 we saw that the Cauchy problem for a
Lorentzian-harmonic map N, with N and Nx prescribed along a non-characteristic curve, has
a solution, and this can be used to construct the different types of singularities via the k-jets.
We now want to show how to construct potential pairs for such solutions. This can be done by
modifying the constructions in [5, 4], where the Cauchy data was f and N rather than N and Nx.
Assuming that |Nx|> 0, we can choose coordinates such that |Nx|= 1. An SU(2)-frame F is
defined by:
(5.1) N = AdF e3, Nx =−AdF e2, Ny = AdF(ae1+be2),
where a := 〈Ny,N×Nx〉 and b :=−〈Ny,Nx〉. For this choice, the corresponding admissible frame
Fˆ : Ω→ G has Maurer-Cartan form:
Fˆ−1dFˆ = (Uk+Upλ )dx+(Vk+Vpλ−1)dy,
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where k= span{e3} and p= span{e1,e2}. Using Nx = AdF [F−1Fx,e3] and Ny = AdF [F−1Fy,e3]
we have:
Up = e1, Vp =−be1+ae2.
Using the Lorentzian-harmonic map equations N×Nxy = 0 and differentiating the above formu-
lae for Nx and Ny respectively with respect to y and x, we obtain:
Vk = 0, Uk = ce3,
and the integrability of αˆ = Fˆ−1dFˆ , i.e., dαˆ+ αˆ ∧ αˆ = 0 is equivalent to
(5.2) bx =−ac, ax = bc, cy = a.
Note: by Lorentzian-harmonicity Nxy is parallel to N, which (being S2-valued) is orthogonal to
Ny. Hence 0= 〈Nxy,Ny〉= 2 ∂∂x〈Ny,Ny〉, so 〈Ny,Ny〉= a2+b2 is constant in x, and aax+bbx = 0.
To solve the Cauchy problem along the curve y = x, use coordinates t = (x+ y)/2, s = (x−
y)/2; then this is the curve s = 0. If we are given Fˆ0(t) := Fˆ(t,0) along this curve, then we can
set α0(t) := Fˆ−10 dFˆ0 = (Uk(t,0)+Up(t,0)λ )dt+(Vk(t,0)+Vp(t,0)λ
−1)dt, and the potential pair
χˆ(x) = αˆ0(x), ψˆ(y) = αˆ0(y),
will solve the given Cauchy problem (see Section 4.2 of [4]).
Theorem 5.1. Let I ⊂ R be an open interval. Given analytic Cauchy data N0 : I → S2 and
V : I→ S2, with
〈V (t),N0(t)〉= 0, and 〈V (t)−N′0(t) , V (t)〉 6≡ 0,
for all t ∈ I, there is a Lorentzian-harmonic map N : I× I→ S2, unique up to an isometry of S2,
and with null coordinates (x,y) on I× I, satisfying the initial conditions:
N(t, t) = N0(t), Nx(t, t) = V (t).
The solution is produced by the generalized d’Alembert method with potential pair (χˆ, ψˆ) as
described above, with
αˆ0 =
(
ce3+ e1λ +(−be1+ae2)λ−1
)
dt,
where
c = ε|V ′|, a = 〈N′0 , N0×V 〉 , b = 〈V −N′0 , V 〉 ,
and ε = sign〈V ′×N0,V 〉. Further:
(1) The corresponding pseudospherical surface f is a wavefront at (t, t) if and only if
(a(t),b(t)) 6= (0,0).
(2) The solution N (and hence f ) is regular at the point (x,y) = (t, t) if and only if a(t) 6= 0.
(3) At a singular point (t, t) on the initial curve, the singular set in I× I is locally regular if
and only if (b(t)c(t),a′(t)) 6= (0,0).
Proof. It is enough to find formulas for a, b and c, described above, in terms of the initial data
N0(t) = N(t, t) and V (t) = Nx(t, t). Along (t, t), in the coordinates (t,s) = (x+ y,x− y)/2 we
have Ny = Nt −Nx = N′0−V . Substituting into a := 〈Ny,N×Nx〉 and b := −〈Ny,Nx〉 gives the
formulae for a and b. To find c = ax/b we can use the Lorentzian-harmonic map equations to
write 〈Ny,N×Nxt〉= 〈Ny,N×Nxx〉 and so we have
ax = 〈Ny,N×Nxt〉= 〈N′0−V ,N0×V ′〉.
To find c, since V ′ ⊥ V , we have N0×V ′ is perpendicular to both N0×V and N0, hence
parallel to V , i.e., N0×V ′ =−ε|V ′|V . Thus,
c =
ax
b
=
−ε|V ′|〈N′0−V ,V 〉〈
V −N′0 , V
〉 = ε|V ′|.
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This formula is well-defined, since we have assumed that 〈V (t)−N′0(t) , V (t)〉 6≡ 0. Since
Nx 6= 0 by assumption, the wave front condition is that Ny does not vanish, and this is equivalent
to (a,b) 6= (0,0). Concerning regularity, coordinates have been chosen such that Nx ×Ny =
aAdF e3, so the singular set of N is give by {a(x,y) = 0}. We also have, along (t, t), that
da=(bcdx+(at−bc)dy, so the curve {a(x,y)= 0} is regular at (t, t) if and only if (bc,at−bc) 6=
(0,0), and this is equivalent to (bc,at) 6= (0,0). 
Remark 5.2. Real analyticity is not strictly needed in the above theorem: it’s enough for the
functions to be differentiable, provided the formula for c is well-defined. Moreover, if we just
take |V (t)|= A(t)> 0 instead of constant, then we replace αˆ0 in the theorem with
(5.3) αˆ0 =
(
ce3+Ae1λ +(−be1+ae2)λ−1
)
dt,
where
(5.4) c=
〈N′0−V , N0×V ′〉−〈N′0 , N0×V 〉A′/A
〈V −N′0,V 〉
, a=
〈N′0 , N0×V 〉
A
, b=
〈V −N′0 , V 〉
A
.
FIGURE 6. Pseudospherical surfaces with prescribed singularities. Top row:
cuspidal edge, swallowtail, cuspidal butterfly, cuspidal lips, cuspidal beaks.
Bottom row: the corresponding points in the coordinate domains with the same
color map (see Example 5.3 for more details).
Example 5.3. We can use a numerical implementation of the generalized d’Alembert method
(Section 5.2) to compute solutions. To compute examples of the five types of singularities in
Theorem 3.3, we choose
j3(a1;a2;b1;b2) = (a10,a20,a30;a11,a22,a33;b10,b20,b30;b11,b22,b33)
that satisfy the conditions of the theorem, substitute into N(x,y), find Nx then use N(t, t),Nx(t, t)
in (5.4). We have computed the examples in Table 1, and the results are displayed in Figure 6.
The xy-rectangle that was used to compute the solution is plotted beneath the corresponding
solution, with exactly the same colormap. The regions where the continuous normal N is parallel
to fx× fy and to − fx× fy are colored with opposite colormaps, so the faces change color when
a cuspidal edge is crossed. The point (x,y) = (0,0) and its image under f (in this case the point
where the singularity of interest occurs) are indicated by black dots. The singular set is found
numerically by finding the points on the mesh where the normal direction is ambiguous, and is
also highlighted in red.
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(a1;a2;b1;b2) Singularity Type
(1,1,0;1,0,0;1,0,0;1,0,0) cuspidal edge
(1,1,0;1,2,0;1,0,0;1,1,0) swallowtail
(1,1,1;1,1,0;1,0,1;1,0,0) cuspidal butterfly
(1,0,1;1,0,0;1,0,0;1,0,1) cuspidal lips
(1,0,1;3,0,0;1,0,0;3,0,−1) cuspidal beaks
TABLE 1. Example 3-jets and the corresponding singularities.
The converse to Theorem 5.1 is also valid: any triple of functions (a,b,c) on an interval I
will generate a Lorentzian-harmonic map N and its corresponding pseudospherical surface f
with domain I× I. In the next subsections we will examine directly the conditions on (a,b,c) to
obtain the various types of singularities.
5.4. Prescribed singularities: the wave front case. Consider now a point where f has a wave
front singularity at p = (x0,y0). Then, for the frame (5.1) considered above, we have a(p) = 0
and b(p) 6= 0. After a change of coordinates (x˜, y˜) = (x,∫ yy0 b(ζ ,ζ )dζ ) we can assume that
b(t, t) =−1, which enables us to prove:
Theorem 5.4. Any pseudospherical wave front can locally be represented by a potential pair
(χˆ, ψˆ) = (αˆ0(x), αˆ0(y)), where
αˆ0(t) =
(
c(t)e3+ e1λ +(e1+a(t)e2)λ−1
)
dt.
The corresponding pseudospherical surface f has a singularity at p = (t0, t0) if and only if
a(t0) = 0. At such a point, the germ of f at p is a:
(1) Cuspidal edge (A2) if and only if a′ 6= 0.
(2) Swallowtail (A3) if and only if a′ = 0, a′′ 6= 0 and c 6= 0.
(3) Cuspidal butterfly (A4) if and only if a′(t0) = a′′ = 0, a′′′ 6= 0 and c 6= 0.
(4) Cuspidal lips (A−3 ) if and only if a
′ = c = 0, and c′(a′′+ c′)< 0.
(5) Cuspidal beaks (A−3 ) if and only if a
′ = c = 0, a′′ 6= 0, and c′(a′′+ c′)> 0.
Proof. We are in the situation of Theorem 5.1, with b(t, t) = b(t) = −1, so the the singular set
is given by {a = 0} and the singular set is locally regular if and only if (c(t),a′(t)) 6= (0,0).
We now use the criteria of Theorem 2.2 for the various singularities. In the null coordinates
(x,y) = (t + s, t − s), we have, at the point t0 where a = 0 and b = −1, the expression d f =
AdF(e1)(dx−dy) = AdF(e1)ds. Hence, the null direction Ker(d f ) is given at p by:
η =
∂
∂x
+
∂
∂y
=
∂
∂ t
.
Thus the conditions (i)-(iii) in Theorem 2.2 are equivalent to items (1)-(3) of this theorem.
To prove items (4) and (5), note that the function σ = det( fx,xy,N) in Theorem 2.2 is here given
by σ(x,y) = a(x,y), where we write a(t, t) = a(t). To find the condition for a(x,y) to have a
Morse singularity, we have, as before, from (5.2):
ax = bc, bx =−ac, ay = at −ax = at −bc,
so da = bcdx+(at−bc)dy, and, along (t, t), we have da = cdx+(a′+c)dy, i.e., a(x,y) has rank
zero at p if and only if
a′(t0) = c(t0) = 0.
We also have from (5.2) that cy = a = 0 at t0, so cx(t0) = c′(t0), and we find that
axx =−c′, axy = 0, ayy = a′′+ c′,
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at p. This gives the determinant of the Hessian matrix of a at p
axxayy−a2xy =−c′(a′′+ c′),
and so the conditions (iv) and (v) of Theorem 2.2 are equivalent to items (4) and (5). 
FIGURE 7. Cuspidal lips (top), cuspidal beaks (middle) and Cuspidal butterfly
(bottom) bifurcations. (Example 5.5). For each row, the corresponding coordi-
nate patches are shown at the far right (top to bottom). Coloring as in Example
5.3. The black dot marks the point (x,y) = (0,0) and its image under f .
Example 5.5. The cuspidal lips, beaks and butterfly bifurcations can be realized in generic 1-
parameter families of surfaces produced as follows. The cuspidal lips occurs in the family f r of
surfaces generated by Theorem 5.4 with data (ar(t),cr(t))= (t2+r,−t). The surfaces for r= 0.1,
r = 0 and r =−0.06 are computed and shown in Figure 7. The cuspidal beaks bifurcation in the
same figure is produced using (ar(t),cr(t))= (t2+r, t) instead. The cuspidal butterfly bifurcation
in the figure was produced by the family (ar(t),cr(t) = (t3 + rt,1), computed at r = 0.2, r = 0,
and r =−0.2.
5.5. Prescribed non-wave front singularities. All rank 1 non-wave front singularities are lo-
cally produced as follows:
Theorem 5.6. Let ( f ,N) be the maps in Theorem 5.1, generated by the functions a, b and c from
I→ R. Then f is not a wave front at p = (t0, t0) if and only if
a(t0) = b(t0) = 0,
At such a point, the singular set in I× I is locally regular if and only if a′(t0) 6= 0. Moreover, the
singularity at p is of type:
WAVE MAPS AND CONSTANT CURVATURE SURFACES: SINGULARITIES AND BIFURCATIONS 21
(1) 2/5-cuspidal edge if and only if a′ 6= 0 and a′b′′−b′a′′+2c((a′)2+(b′)2) 6= 0 at t0.
(2) The singular set has a Morse A−1 -singularity at p if and only if a
′ = 0 and b′c 6= 0 at
t0. In this case, the singularity is a Shcherbak singularity if and only if, additionally,
a′′−2b′c 6= 0.
Proof. The non-wave front conditions and the condition for the singular set to be regular are al-
ready explained in Theorem 5.1. For item (1), the conditions for a 2/5-cuspidal edge, from The-
orem 4.3, are that the singular set is regular (here a′(t0) 6= 0), and [N(t0),Nyy(t0),Nyyy(t0)] 6= 0.
Differentiating Ny =AdF(ae1+be2) with respect to y, and using that F−1Fy = (−be1+ae2) and
ax = bc, bx = ac and cy = a, we find at t0 that Nyy = AdF(aye1+bye2) and Nyyy = AdF(ayye1+
byye2), and hence Nyy×Nyyy has a component parallel to N if and only if aybyy− byayy 6= 0. In
the coordinates (x,y) = (t+ s, t− s) this translates to the second condition given in item (1).
For item (2), note that the singular set is given by a(x,y)= 0, so the condition is on the Hessian
of a at p. Given a(t0) = a′(t0) = b(t0) = 0, we compute that, at t0, the Hessian matrix is:
(5.5) Hess(a) =
(
axx axy
axy ayy
)
=
(
0 b′c
b′c a′′−2b′c
)
,
and the determinant is negative if and only if b′(t0)c(t0) 6= 0. Finally, the two branches of the set
a(x,y) = 0 are tangent respectively to the x and y-axes (i.e. both are tangent to null curves) at p
if and only if the last component a′′−2b′c of the Hessian matrix is zero. Hence, the conditions
in Theorem 4.4 for the Shcherbak singularity are that this term does not vanish. 
FIGURE 8. 2/5-cuspidal edge bifurcation from Example 5.7 (see also Figure 3).
Example 5.7. The 2/5-cuspidal edge bifurcation can be realized by the 1-parameter family of
surfaces generated by Theorem 5.1 with
(aζ (t),bζ (t),cζ (t)) = (t, t+ζ ,0.1).
The Shcherbak bifurcation can be realized by
(aζ (t),bζ (t),cζ (t)) = (t2+ζ , t,−1).
We have computed images for both bifurcations and displayed them in Figures 8 and 9. We used
the ζ values 0.035, 0 and −0.035 for the 2/5-cuspidal edge, and the values ζ =−0.014, ζ = 0
and ζ = 0.015 for the Shcherbak bifurcation.
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FIGURE 9. Shcherbak singularity bifurcation from Example 5.7 (see also Fig-
ure 4). In the first image, the surface self intersection is shown by black curves.
The singular sets in the coordinate domains are shown below to the right.
6. LOCAL SINGULARITIES OF LORENTZIAN-HARMONIC MAPS INTO THE 2-SPHERE
We are interested in the singularities of germs of analytic Lorentzian-harmonic maps N al-
lowing analytic changes of coordinates in the source and target. Then N is equivalent to the
map-germ from R2,0→R2,0 given by (x,y) 7→ (u(x,y),v(x,y)), where u and v are as in §2. We
still denote by N the map-germ (u,v).
Let E (2,1) denote the ring of germs of analytic functions (R2,0)→R,M2 its unique maximal
ideal and E (2,2) the E (2,1)-module of analytic map-germs (R2,0)→ R2. Consider the action
of the group A of pairs of germs of analytic diffeomorphisms (h,k) of the source and target on
M2.E (2,2) given by k ◦ g ◦ h−1, for g ∈M2.E (2,2) (see, for example, [2, 23, 32]). A germ g
is said to be finitely A -determined if there exists an integer k such that any map-germ with the
same k-jet as g is A -equivalent to g. Let Ak be the subgroup of A whose elements have the
identity k-jets. The group Ak is a normal subgroup of A . Define A (k) =A /Ak. The elements
of A (k) are the k-jets of the elements of A . The action of A on M2.E (2,2) induces an action
of A (k) on Jk(2,2) as follows. For jkg ∈ Jk(2,2) and jkh ∈A (k), jkh. jkg = jk(h.g).
The tangent space to the A -orbit of g at the germ g is given by
LA ·g =M2.{gx,gy}+g∗(M2).{e1,e2},
where gx and gy are the partial derivatives of g, e1,e2 denote the standard basis vectors of R2
considered as elements of E (2,2), and f ∗(M2) is the pull-back of the maximal ideal in E2. The
extended tangent space to the A -orbit of g at the germ g is given by
LeA ·g = E2.{gx,gy}+g∗(E2).{e1,e2}.
We ask which finitelyA -determined singularities of map-germs in E (2,2) have a Lorentzian-
harmonic map-germ in their A -orbit, that is, which singularities can be represented by a germ
of a Lorentzian-harmonic map into the 2-sphere. We also ask whether anAe-versal deformation
of the singularity can be realized by families of Lorentzian-harmonic maps into the 2-sphere.
(This means that the initial Lorentzian-harmonic map-germ can be deformed within the set of
Lorentzian-harmonic map-germs and the deformation is Ae-versal.)
The most extensive classification of finitely A -determined singularities of maps germs in
E (2,2) of rank 1 is carried out by Rieger in [28] where he gave the following list of orbits of
A -codimension≤ 6 which includes all the simple germs obtained in [11] (the parameters α and
β are moduli and take values in R with certain exceptional values removed, see [28] for details):
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• (x,y2)
• (x,xy+P1(y)), P1 = y3, y4, y5± y7, y5, y6± y8+αy9, y6+ y9 or y7± y9+αy10+βy11
• (x,y3± xky), k ≥ 2
• (x,xy2+P2(y)), P2 = y4+ y2k+1(k ≥ 2), y5+ y6, y5± y9, y5 or y6+ y7+αy9
• (x,x2y+P3(x,y)), P3 = y4± y5, y4 or xy3+αy5+ y6+βy7
• (x,x3y+αx2y2+ y4+ x3y2)
The A -simple map-germs of rank 0 are classified in [29] and are as follows:
• Il,m2,2 : (x2+ y2l+1,y2+ x2m+1), l ≥ m≥ 1
• Il2,2 : (x2− y2+ x2l+1,xy), l ≥ 1.
We answer the above two questions for certain singularities including those in Rieger’s list
and for the A -simple rank 0 map-germs. A map-germ is finitely A -determined if and only if a
certain of its n-jet is finitely A -determined. Therefore, we can use the expressions for the n-jets
of u and v in (2.3) and Theorem 2.4 to assert the existence of N. For this reason, in all of what
follows, we take N to be a germ of an analytic Lorentzian-harmonic map into the 2-sphere. We
start with rank 1 germs.
Theorem 6.1. (i) The singularities (x,y2), (x,xy+yk), (x,y3±xky), those with j3N ∼A (3) (x,xy2)
and (x,x3y+αx2y2+y4+x3y2) can be represented by germs of Lorentzian-harmonic maps into
the 2-sphere. Furthermore, there are Ae-versal deformations of these singularities by germs of
families of Lorentzian-harmonic maps into the 2-sphere.
(ii) Map-germs with a 3-jet A (3)-equivalent to (x,x2y) cannot be represented by Lorentzian-
harmonic map-germs into the 2-sphere.
Proof. We suppose, without loss of generality, that Nx(0,0) 6= 0, so a10 6= 0 or b10 6= 0. In all of
what follows, we suppose that a10 6= 0. Then N isA -equivalent to a germ of the form (x,g(x,y)),
for some germ of an analytic function g. We can make successive changes of coordinates in the
source and target to obtain the desired n-jet of g (we do this with the help of Maple).
The map-germ N is singular if, and only if, a10b11−a11b10 = 0. Suppose that this is the case,
so b11 = a11b10/a10. Then the 2-jet of g is given by
j2g =
2a11
a310
(a10b20−a20b10)xy+ 1a310
(
(a10b20−a20b10)a211+(a10b22−a22b10)a210)
)
y2.
Clearly, we can choose N so that the coefficient of y2 in j2g does not vanish. In that case
N ∼A (x,y2) and is stable.
Suppose that a11(a10b20− a20b10) 6= 0 and (a10b20− a20b10)a211 +(a10b22− a22b10)a210 = 0,
so b22 = (a210a22b10 − a211(a10b20 − a20b10))/a310. Then j2g ∼A (2) (x,xy). Any finitely A -
determined germ with this 2-jet is equivalent to (x,xy+ P(y)) for some polynomial function
P ([28]). The coefficient of yk in P(y) is equal to bkk +Q, with Q a polynomial in ai0,aii,bi0,bii,
1 ≤ i ≤ k− 1. Clearly, we can choose appropriate bkk to represent all finitely A -determined
singularities (x,xy+P(y)) with Lorentzian-harmonic map-germs. Also, Ae-versal deformations
of these singularities are of the form (x,xy+P(y)+∑ki=1 uiyi), so by deforming v(0,y) we can
get Ae-versal deformations of the singularities of N by Lorientzian-harmonic map-germs.
Suppose that j2g≡ 0. We have two cases to consider: (1) a11 6= 0 (then N is the Gauss map of
a pseudospherical surface f which is a wave front) and a10b20−a20b10 = 0, or (2) a11 = 0 (then
b11 = 0, so Ny(0,0) = 0; f is not a wave front by Proposition 2.1). In all of what follows, we
consider the case (1), case (2) follows similarly. Then the 3-jet of g is given by
a410 j
3g = l1x2y+ l2xy2+ l3y3
= 3a11(a10b33−a33b10)(a11xy2− x2y)+((a10b33−a33b10)a310− (a10b30−a30b10)a311)y3.
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Following the criteria in Table 6.1 in [17], we have a lips/beaks singularity, i.e., N ∼A (x,y3±
x2y), if and only if l3 6= 0 and l22−3l1l3 = (a10b30−a30b10)(a10b33−a33b10) 6= 0. The lips (resp.
beaks) occurs when l3 6= 0 and gy = 3l3y2+2l2yx+ l1x2+O(3) has an A+1 (resp. A−1 )-singularity,
that is, when l22 −3l1l3 < 0 (resp. > 0). Clearly, both these singularities can occur.
Suppose that l3 6= 0 and l22 − 3l1l3 = 0. Then j3N ∼A 3 (x,y3). We make successive changes
of coordinates to reduce the k+ 1-jet of N to (x,y3 + cxky). Using (2.2), we can show that c is
a polynomial in ai0,aii,bi0,bii, 1 ≤ i ≤ k− 1. When c is considered as a polynomial in b(k−1)0,
the coefficient of the linear term b(k−1)0 is 2b10b11− (k−1)a10a11. Therefore, we can choose u
and v so that c 6= 0, that is, all the singularities in the series (x,y3± xky) can be represented by
Lorentzian-harmonic map-germs. Using the same argument, we can show that these singularities
can be Ae-versally unfolded by germs of families of Lorentzian-harmonic maps.
If we take l3 = 0 above and a10b33− a33b10 6= 0, then j2N ∼A 3 (x,xy2). We can show, by
similar arguments to those in (iii) that any finitelyA -determined germ of the from (x,xy2+P(y))
can be represented by a Lorentzian-harmonic map and its singularity can also be Ae-versally
unfolded by germs of families of Lorentzian-harmonic maps.
We take l3 = l2 above. Then we can choose u,v so that N ∼A −(x,x3y+αx2y2 + y4 + x3y2)
(the expression of j5g is too lengthy to reproduce here). We can also Ae-versally unfold this
singularity by germs of families of Lorentzian-harmonic maps.
(ii) If we have l2 = 0 above, then l1 = 0. Therefore, map-germs with a 3-jet A (3)-equivalent
to (x,x2y) cannot be represented by Lorentzian-harmonic map-germs. 
We deal now with rank zero map-germs.
Theorem 6.2. (i) The singularity Il,m2,2 can be represented by a germ of a Lorentzian-harmonic
map into the 2-sphere. There is anAe-versal deformation of this singularity by germs of families
of Lorentzian-harmonic maps.
(ii) The singularities Il2,2 cannot be represented by a germ of a Lorentzian-harmonic map into
the 2-sphere.
(iii) There are no finitelyA -determined germs of Lorentzian-harmonic maps into the 2-sphere
with a zero 2-jet at the singular point.
Proof. (i) and (ii) Here a10 = a11 = b10 = b11 = 0, so
j2N = (a20x2+a22y2,b20x2+b22y2).
If a20b22−a22b20 6= 0, then j2N ∼A (2) (x2,y2), otherwise it is A (2)-equivalent to (x2±y2,0),
(x2,0) or (0,0). Therefore, the singularities Il2,2 cannot be represented by a germ of a Lorentzian-
harmonic map into the 2-sphere, which proves (ii). (A geometric argument for excluding this
singularity is the following: when N has rank 0, its singular set contains the two null curves at
the singular point, and the singular set of the Il2,2-singularity consist of an isolated point.)
Item (i) follows by similar arguments to those in the proof of Theorem 6.1.
(iii) We prove by induction using (2.2) and the fact that the functions u and v and their first and
second order derivatives are zero at the origin, that ∂ k+1u/∂xk∂y, ∂ k+1u/∂x∂yk, ∂ k+2u/∂xk∂y2
and ∂ k+2u/∂x2∂yk all vanish at the origin for k ≥ 0. Therefore, u can be written in the form
u(x,y) = x3A(x)+ y3B(y)+ x3y3C(x,y), for some germs of analytic functions A,B,C. The same
holds for the function v. It follows that the singular set Σ of N is given by λ (x,y) = (uxvy−
uyvx)(x,y) = x2y2Λ(x,y), for some germ of an analytic function Λ. Therefore Σ has non-isolated
singularities along the null curves x = 0 and y = 0. It follows by Gaffney’s geometric criteria
(see Theorem 2.1 in [32]) that N is not finitely A -determined. 
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7. APPENDIX: LOCAL SINGULARITIES OF LORENTZIAN-HARMONIC MAPS INTO THE
PLANE
We consider here local singularities of Lorentzian-harmonic maps N : R1,1,0→ R2,0, that
is, solutions of the wave equation Nxy = 0, where (x,y) = (x¯− t, x¯+ t) are null coordinates for
the Lorentz plane. Here we take N and all other functions to be sufficiently differentiable for
the questions that arise. The general solution has the form
N (x,y) = ( f1(x)+g1(y), f2(x)+g2(y)),
i.e., is given as a sum of two arbitrary maps in x and y. In what follows we suppose, without loss
of generality, that the point of interest is the origin (0,0) ∈R1,1. We denote by Σ the singular set
ofN .
Proposition 7.1. LetN be a germ, at the origin, of a Lorentzian-harmonic map into the plane.
(i) If Nx(0,0) = (0,0) (resp. Ny(0,0) = (0,0)) then the null curve x = 0 (resp. y = 0) is
locally a part of the singular set Σ ofN .
(ii) If rank(dN(0,0)) = 0 then both the null curves x = 0 and y = 0 are locally parts of the
singular set Σ ofN .
(iii) If j2N = (0,0), then Σ has non-isolated singularities along the null curves x = 0 and
y = 0.
Proof. The proof is straightforward since Σ is the zero set of λ = f ′1(x)g′2(y)− f ′2(x)g′1(y). For
instance, for (iii) we can write N (x,y) = (x3h1(x)+ y3k1(y),x3h2(x)+ y3k2(y)), consequently
λ (x,y) = x2y2λ1(x,y). 
Theorem 7.2. (i) The singularities (x,y2), (x,xy± yk), (x,y3 ± xky), those with j3N ∼A (2)
(x,xy2), (x,x3y+αx2y2 + y4 + x3y2) and the singularities Il,m2,2 can be represented by germs of
Lorentzian-harmonic maps into the plane.
(ii) Map-germs with a 3-jet A (3)-equivalent to (x,x2y) and the singularities Il2,2 cannot be
represented by Lorentzian-harmonic map-germs into the plane.
(iii) There are no finitely A -determined Lorentzian-harmonic map-germs into the plane with
a zero 2-jet.
Proof. (i) Suppose that j1N 6= (0,0). Interchanging x and y if necessary, we can change coordi-
nates in the source and writeN ∼A (x+ yl, f¯2(x)+ g¯2(y)) (here we take g1 to have at least one
non-zero derivative at zero). A further change of variable givesN ∼A (x, f2(x− yl)+g2(y)).
If l = 1, we can choose f2 and g2 so as to get the singularities (x,y2), (x,xy±yk), (x,y3±xky)
and (x,x3y+αx2y2+ y4+ x3y2).
If l = 2, we can choose f2 and g2 so as to get the finitely A -determined singularities with
3-jets A (3)-equivalent to (x,xy2).
If l ≥ 3, N ∼A (x,y3h(x,y)) when g′2(0) = g′′1(0) = 0, so f is not finitely A -determined.
Therefore, when l ≥ 3, the only finitelyA -determined singularity that we can get is (x,y2) when
g′′2(0) 6= 0.
Suppose now that j1N = (0,0). Clearly, we can get all the singularities Il,m2,2 : (x
2+y2l+1,y2+
x2m+1), l ≥ m≥ 1.
(ii) We have ∂ kλ/∂xk = f (k)1 g
′
2− f (k)2 g′1,∂ kλ/∂xk = f ′1g(k)2 − f ′2g(k)1 and λxy = f ′′1 g′′2− f ′′2 g′′1 , so
λxy(0,0) = 0 when λ = λx = λy = 0 at the origin. Therefore, j2λ has a singularity more degen-
erate than Morse when λxx(0,0) = 0 or λyy(0,0) = 0. In these conditions, we have j3N ∼A (3)
(x,x2y) if, and only if, the kernel direction of d f is parallel to the kernel direction of Hess(λ ) at
the origin. This could happen if λxx(0,0) = λyy(0,0) = 0, but that leads to j3N ∼A (3) (x,0).
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(iii) By Proposition 7.1, the singular set of N has a non-isolated singularity. It follows by
Gaffney’s geometric criteria (see Theorem 2.1 in [32]) that the singularity of N is not finitely
A -determined. 
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